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Given the choice between working on a 
problem that I already know how to solve, or 
on a problem that I don’t know how to solve, 
yet, I would rather work on the problem I

know how  
to solve

don’t know how  
to solve



Two aspects to “Harkness” math curriculum 
(developed at Phillips Exeter Academy HS):
1. incremental problem-based homework
2. student-centered discussion classes



1. incremental problem-based homework

FTC problem 10 of 18:

Example: Fundamental Theorem of Calculus 

Curriculum-writing goal: Hit the FTC from 
every angle first, so the theorem seems obvious.



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 1 - “undoing the derivative”

from PEA



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 2 - meaning of area under curve



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 3 - sketch f(x) given f’(x)



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 4 - idea of accumulation function



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 5 - values for Riemann sum

from Hughes-Hallett



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 6 - sketch F(x) given f(x)



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 7 - find distance given speeds

from Hughes-Hallett



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 8 - integral as accumulated area



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 9 - FTC - part I as distance-speed



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 10 - FTC part I  - STATEMENT



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problems 11-14 - practice FTC part I 

from Hughes-Hallett

from PEA



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 15 - information about f from f’

from Hughes-Hallett



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 16 - understand FTC part II (!!!)



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 17 - prove FTC part II



1. incremental problem-based homework
Example: Fundamental Theorem of Calculus
Problem 18 - understand what f’ tells us



1. incremental problem-based homework
trigonometric derivative

inflection points

linearization

derivative practice

optimization application

graph sketching

critical points

optimization (with guidance)

Power Rule

Example: This 
night’s homework 
includes 9 problems 
on 8 different topics



Two aspects to “Harkness” math curriculum 
(developed at Phillips Exeter Academy):
1. incremental problem-based homework 

2. student-centered discussion classes



1. incremental problem-based homework 

2. student-centered discussion classes

• Students are randomly assigned into 
groups of about 8 

• Each group is responsible for writing a 
correct solution to each problem on 
the board and making sure everyone 
understands it 

• When they are ready, I choose a student 
for each problem, to stand at the board 
and explain the solution.



1. incremental problem-based homework 

2. student-centered discussion classes

• Part 1: Students write up a solution to 
whichever problem they choose, often in 
collaboration with others; 

• Part 2: Students sit down, explain 
solutions to each other one by one, ask 
questions, correct errors, and discuss; 

• Part 3: I choose (with an agenda) a 
student to explain each problem.



1. incremental problem-based homework 

2. student-centered discussion classes

• Part 1: Students write up a solution to 
whichever problem they choose, often in 
collaboration with others



1. incremental problem-based homework 

2. student-centered discussion classes



1. incremental problem-based homework 

2. student-centered discussion classes



1. incremental problem-based homework 

2. student-centered discussion classes

• Part 2: Students sit down, explain 
solutions to each other one by one, ask 
questions, correct errors, and discuss



1. incremental problem-based homework 

2. student-centered discussion classes

• Part 2: Students sit down, explain 
solutions to each other one by one, ask 
questions, correct errors, and discuss
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2. student-centered discussion classes

• Part 2: Students sit down, explain 
solutions to each other one by one, ask 
questions, correct errors, and discuss
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• Part 2: Students sit down, explain 
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1. incremental problem-based homework 

2. student-centered discussion classes

• Part 2: Students sit down, explain 
solutions to each other one by one, ask 
questions, correct errors, and discuss



1. incremental problem-based homework 

2. student-centered discussion classes

• Part 3: I choose (with intention) a 
student to explain each problem. 

• Choose a student who did a problem 
one way, to explain it a different way 

• Choose a student lacking confidence, 
to explain the hardest problem



1. incremental problem-based homework 
• ideas & skills are developed through 

problems (no lectures) 
• a given topic is developed over the 

course of several weeks 
• many topics developed simultaneously 

2. student-centered discussion classes 
• students explain solutions to each 

other and ask each other questions 
• instructor interjects only when needed

Summary of Harkness math instruction



Given the choice between working on a 
problem that I already know how to solve, or 
on a problem that I don’t know how to solve, 
yet, I would rather work on the problem I

know how  
to solve

don’t know  
how to solve
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For more resources: 
• My web site has curricula I have written for: 

• Single-variable calculus 
• Multivariable calculus w/o linear algebra 
• Multivariable calculus with linear algebra 
• Senior seminar on billiards and geometry 

• Phillips Exeter Academy teaching materials: 
• https://www.exeter.edu/mathproblems 

• My article in PRIMUS: 
• Inquiry-based learning in a first-year honors course 
• Available at arxiv.org/abs/1606.08834


